In this talk, we review some of the current efforts to understand the phenomenon of chiral symmetry breaking and the generation of a dynamical quark mass. To do that, we will use the standard framework of the Schwinger-Dyson equations. The key ingredient in this analysis is the quark-gluon vertex, whose non-transverse part may be determined exactly from the nonlinear Slavnov-Taylor identity that it satisfies. The resulting expressions for the form factors of this vertex involve not only the quark propagator, but also the ghost dressing function and the quark-ghost kernel. Solving the coupled system of integral equations formed by the quark propagator and the four form factors of the scattering kernel, we carry out a detailed study of the impact of the quark-gluon vertex on the gap equation and the quark masses generated from it, putting particular emphasis on the contributions directly related with the ghost sector of the theory, and especially the quark-ghost kernel. Particular attention is dedicated on the way that the correct renormalization group behavior of the dynamical quark mass is recovered, and in the extraction of the phenomenological parameters such as the pion decay constant.
INTRODUCTION
The dynamical chiral symmetry breaking and the subsequent mass generation for the quarks are eminently nonperturbative phenomena, and they have been the central focus of a series of studies [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . One of the main nonperturbative tools to investigate these phenomena is the Schwinger-Dyson equation (SDE) for the quark propagator, often called the "quark gap equation".
In the framework of SDEs, the self consistent truncation of the infinite system of coupled integral equations poses the major difficulty. For the quark gap equation, the challenge mainly consists of constructing an Ansatz for the quark-gluon vertex, Γ µ (q, p 2 , −p 1 ), a complicated three point function composed by twelve linearly independent tensor structures [11] [12] [13] . More specifically, each one of the twelve tensorial structures are accompanied by its respective form factor. The latter are functions of three-variables, chosen to be the moduli of two of the incoming momenta, p 1 and p 2 , and the angle θ between them.
Given that the quark propagator is known to be rather sensitive to the details of the quark-gluon vertex entering in the kernel of the gap equation, it is pressing to determine the nonperturbative behavior of the aforementioned form factors.
One strategy to determine part of the twelve form factors of the quark-gluon vertex nonperturbatively was put forth in [7, 14] . There, using the guiding principles of the "gauge technique", it was shown that the Slavnov-Taylor identity (STI) that Γ µ satisfies, relates the behavior of its form factors to other three quantities: (i) the quark propagator S(p), (ii) the ghost dressing function F (q), and (iii) the quark-ghost scattering kernel H(q, k, −p). More specifically, out of the twelve form factors, the STI constrains the behavior of four of them, while the other eight, being transverse to the gluon momentum q, satisfy the STI trivially and hence are left undetermined from the identity.
In this talk, we will discuss the construction of a set of coupled integral equations governing the dynamics of the quark propagator, S(p), and the scattering kernel, H(q, k, −p). Then, using the STI, the behavior of the four non-transverse form factors of Γ µ will be determined. Finally, we will present our numerical results and discuss the impact of the these form factors on the dynamical quark mass generation [15] .
II. THE SYSTEM OF COUPLED EQUATIONS
The coupled system of SDEs for S(p) and H(q, k, −p) which will be the central focus of the present work is shown diagrammatically in Fig. 1 . The full quark propagator can be written as
where A −1 (p) is the quark wave function, and the pole of the propagator, M(p) = B(p)/A(p), defines the dynamical quark mass.
The renormalized version of the quark gap equation appearing on the top of Fig. 1 may be written as (in the chiral limit) 
Diagrammatic representation of the SDEs for the quark propagator, S(p) (top), and the one-loop dressed truncation of the quark-ghost scattering kernel, H [1] (q, k, −p) (bottom). The two equations are coupled via the quark-gluon vertex, Γ STI µ , related to S(p) and H [1] (q, k, −p) through a STI.
where C F denotes the Casimir eigenvalue for the fundamental representation, while Z 1 and Z F are the quarkgluon vertex and the quark wave function renormalization constants. Also present in Eq. (2.2) is the gluon propagator, which in Landau gauge reads
In addition, we have introduced the compact notation
where µ is the 't Hooft mass, and d = 4 − is the space-time dimension.
The quark-gluon vertex Γ µ , appearing in Eqs. (2.2), is commonly split in the following way
where the transverse part, Γ T µ , is automatically conserved, i.e.
whereas Γ STI µ (non-transverse) satisfies the STI given by
where F (q) is the ghost dressing function, defined in terms of ghost propagator as D(q) = iF (q)/q 2 . In addition, in the STI, appears the quark-ghost scattering kernel H(q, p 2 , −p 1 ), diagrammatically represented in the bottom panel of Fig. 1 . Notice that for the sake of notational compactness, we have omitted the functional dependences of both H(q, p 2 , −p 1 ) and its "conjugate" H(−q, p 1 , −p 2 ) [14] .
The most general Lorentz decomposition for H and H is written as [7, 13, 14] 
where
, and 
). Substituting into the STI (2.6) the Eqs. (2.1), (2.7), and (2.8), it is possible to express
Notice that setting to tree level the various X i , appearing in Eq. (2.9), we obtain the so-called "minimally non-abelianized" Γ FBC µ [3, 7, 14] , whose form factors
In what follows, we will neglect the transverse part of the quark-gluon vertex, i.e. we set Γ T = 0, in the gap equation (2.2), since it can not be determined from the STI.
To proceed, we substitute into the gap equation (2.2) the dressed quark-gluon vertex of Eq. (2.8) using p 1 = p and p 2 = k. After taking the traces, we arrive in the following expressions for the integral equations satisfied by A(p) and B(p) (in the Euclidean space) [7] 
where α s = g 2 (µ)/4π and the kernels are given by 12) with the functions h(p, k) and Q f (k) defined as
where f (k), appearing in the numerator of Eq. (2.13), can be either A(k) or B(k), depending on the index of Q.
Next, concerning the renormalization of Eqs. (2.11), we notice that in Landau gauge S(p) and H(q, k, −p) are finite at one loop [16] , so that we may set Z F = Z H = 1. In addition, it follows from the STI in Eq. (2.6) that the renormalization constants are related by
c . Applying the above constraints in the Eq. (2.11), we obtain
14)
The presence of Z −1 c multiplying the self-energy in the Eq. (2.14) is a final complicating factor to be addressed in the nonperturbative truncation of the gap equation [17] [18] [19] . It is known that, the systematic treatment of overlapping divergences hinges on a subtle interplay between the multiplicative renormalization constant, Z −1 c , and crucial contributions originated from the transverse part of the quark-gluon vertex. Since Γ T µ is completely undetermined in our treatment, this delicate cancellation is already compromised. In particular, it is known that if, in addition to setting Γ T µ = 0, one uses the simplifying assumption that Z −1 c = 1 in Eq. (2.14), the resulting anomalous dimension of the quark mass is incorrect.
A workaround for this problem was devised in [7] , on the lines of an earlier proposal put forth in [3] . Namely, it consists in carrying out the substitution 15) where the function C(q) must be constructed in such a way that the product
is a renormalization group invariant (RGI), (µ-independent) combination, at least at one loop. The requirement that R(q) be RGI completely fixes the ultraviolet behavior of C(q), namely
for large q 2 . On the other hand, the infrared form of C(q) remains unspecified.
The simplest function which displays the UV tail prescribed by Eq. (2.17) is the ghost dressing function, F (q), which is well understood in the infrared from lattice and continuum studies. As such, F (q) is a natural candidate to play the role of C(q). However, since the criterion above does not determine C(q) univocally, it is important to consider alternative infrared completions to Eq. (2.17), differing both quantitatively and qualitatively from the ghost dressing function.
Another function that displays the one loop behavior required by Eq. (2.17) is the inverse of the "ghostgluon mixing self-energy", [1 + G(q)] −1 , which plays a key role in the pinch-technique [20] [21] [22] , and equals the Kugo-Ojima function in Landau gauge [23] [24] [25] [26] . The [1 + G(q)] −1 has the ultraviolet tail given by Eq. (2.17), while for low and intermediate momenta it can be determined through SDEs [27] . In fact, thanks to the identity [1 + G(0)] −1 = F (0), valid in Landau gauge [27] , both functions coincide at zero momentum, differing quantitatively only for intermediate momenta (see Fig. 2 ).
The SDE solutions for 1+G(q) can be accurately fitted by the form [15] For the purposes of this presentation, we will restrict ourselves to the analysis of the case where C(q) = [1 + G(q)] −1 . Other functional forms for C(q) were explored in more details in Ref [15] .
Finally, after performing the substitution prescribed in Eq. (2.15) into Eq. (2.14), we obtain the final versions of the integral equations for A(p) and B(p), where R(q) is the RGI product defined in the Eq. (2.16). Now, let us focus on the form factors of the scattering kernel H(q, k, −p). The starting point in deriving the dynamical equations governing the behavior of the X i is the diagrammatic representation of H [1] (q, k, −p) at the one-loop dressed approximation, shown in the bottom part of Fig. 1 , and written as
where C A is the Casimir eigenvalue for the adjoint representation, and G µ (p − l) is the ghost-gluon vertex. Nonetheless, to proceed further with the derivation, we still need to truncate the vertices G ν and Γ µ appearing in the above equation. For the ghost-gluon vertex, we use simply its tree level form G 
To obtain the equations for the individual X i , one then contracts the above equation with the projectors defined in Eq. (3.9) of Ref. [14] , yielding
where we define λ := iπC A α s and the kernel 22) in addition, we have introduced the shorthand notation
It is important to stress that the set of Eqs (2.9) and (2.21) for L i and X i , respectively, are written in Minkowski space, but may be converted to the Euclidean space using the rules stated in subsection III A of [14] .
III. NUMERICAL ANALYSIS
The truncated SDEs given by Eqs. (2.19), (2.21) and the STI solution given by Eq. (2.9), comprise a coupled system of nonlinear equations, which is not closed only due to the need to specify ∆(q), F (q), and C(q). In principle, one could envisage further coupling the above six equations to the SDEs governing the behavior of ∆(q) and F (q). However, the complexity of that approach would be too high. Instead, as done in a series of previous works [7, 14] , we close the system of equations considering ∆(q), F (q) and C(q) as external ingredients. For that, we will employ for them suitable fits to lattice results obtained in the Ref. [28] . The corresponding curves for ∆(q), F (q), and C(q), renormalized at µ = 4.3 GeV, are shown in the Fig. 2 .
With the above external ingredients, we are in position to solve numerically the coupled system of six integral equations for A(p), B(p), and the four X i defined in the Eqs. (2.19) and (2.21). Given that the main feature of our truncation scheme is the presence of the nontrivial contribution of H, expressed by the set of equations for the X i , it will be interesting to assess the impact that H has on the dynamical mass generation phenomenon. In Fig. 3 , we compare the result for the dynamical mass, M(p), and the quark wave function, A −1 (p), obtained when we employ in the gap equation either the full Γ STI µ (blue continuous curves) or the "minimally non-abelianized" Γ FBC µ (orange dashed ones). The numerical solutions were obtained fixing α s = 0.28. While, it is clear from Fig. 3 that the two solutions are qualitatively similar, the nontrivial contribution of H produces a significant quantitative effect. In particular, the value of M(0) is about 21 % larger than M FBC (0) [15] . Therefore, the inclusion of H into Γ µ seems to be crucial to generate phenomenological compatible quark masses of the order 300 MeV.
With the results for X i at hands, we determine the corresponding form factors L i , using the Euclidean version of Eq. (2.9). In Fig. 4 , we present a representative set of results for the form factors L i , where α s = 0.28 and θ = 2π/3. Notice that L i , represented by the colorful surfaces, display sizable deviations from the L FBC i represented by the cyan surface, given by Eq. (2.10) [15] . It is also interesting to observe that L 4 , contrary to L FBC 4 = 0, is a non-vanishing quantity, although its size is considerably suppressed for all momenta.
Next, we turn our attention to the numerical impact of each individual L i on the results for M(p) and A −1 (p). To this end, we solved the system of SDEs turning on gradually the L i , appearing in the kernels of the gap equation (2.19) , starting with L 1 only.
The results of this analysis are shown in Fig. 5 . While it is clear that indeed the form factor L 1 provides the largest contribution to the dynamical mass, it is interesting to notice that all of the L i contribute significantly to the strength of the kernel in the gap equation. More specifically, L 2 furnishes 13% of the M(0) value, while L 3 contributes another 23%. Quite surprisingly, the form factor L 4 , often neglected in similar studies [1, 3, 7] , provides about 10 % of the final M(0), despite being very small for all kinematic configurations (see Fig. 4 ).
It is also interesting to mention that the quark running mass M(p), represented by the blue continuous curve in the Fig. 3 , may be accurately fitted by
where the adjustable parameters are M 1 = 758 MeV, M 2 = 1.18 GeV, M 3 = 426 MeV, and Λ = 270 MeV.
Notice that the presence of the M 2 in the denominator enforces the saturation of M(p) at the origin, while the M 3 in the argument of the logarithm improves the convergence of the fitting procedure. Finally, we have used the pion decay constant, f π , to assess the impact that the inclusion of H in the construction of the Γ STI µ might have on physical quantities. Using an improved version of the Pagels-Stokar-Cornwall formula [29] , we obtain f π = 87 MeV when we employ the solutions represented by the orange dashed curve of Fig. 3 , while for Γ STI µ (blue continuous curve of Fig. 3 ) we obtain f π = 97 MeV. Therefore the final impact of H is to increase approximately by 10% the value of f π . We remind that the above quoted values for f π should be compared to the experimental value f π = 93 MeV [30] .
IV. CONCLUSIONS
We have carried out a detailed study of the impact of the quark-ghost scattering kernel on the dynamical quark mass generation through a coupled system of equations composed by the quark propagator S(p) and the one-loop dressed truncation for H. In the truncation scheme adopted, we have neglected the transverse part of the quark-gluon vertex, Γ µ , which cannot be determined from the STI that this vertex satisfies.
Our results demonstrate that the inclusion of a nontrivial contribution of H in the construction of Γ STI µ has a substantial quantitative effect on the infrared behavior of the quark propagator. Particularly important is the effect on the dynamical mass, which increased by about 20 % in comparison to the result obtained with the "minimally non-abelianized" vertex, Γ FBC µ . A surprising result of our analysis is that the form factor L 4 contributed about 10 % to the total dynamical mass, in spite of its rather suppressed structure compared to L 1 , L 2 and L 3 [14] . This can be explained by the fact that this form factor peaks in the region of momenta around 1 GeV (see Fig. 4 ), where the support of the gap equation kernel seems to be most critical [1] [2] [3] 7] .
Lastly, the difficulties in enforcing multiplicative renormalizability at the level of the gap equation, and the subsequent restoration of the correct anomalous dimension for the quark dynamical mass was circumvented by the introduction, by hand, of a function C(q) to correct the UV behavior of the gap equation kernel. However, this procedure is ambiguous in what regards the IR completion of C(q). By solving the system of equations with different forms for C(q) (see Ref. [15] for more details), we found more evidence that the support of the kernel of the gap equation in the region of momenta around 1 GeV is crucial for the generation of phenomenologically compatible quark masses.
Nevertheless, a consistent determination of the transverse part of the quark-gluon vertex, is mandatory in order to better understand the renormalizability of the gap equation. 
